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Introduction

The focus of my research has primarily been an intersection of noncommutative representation
theory, Lie theory, and invariant theory. I study algebra-subalgebra pairs that form so called
semicommutative pairs Γ ⊂ U , where U is an associative (noncommutative) C-algebra and Γ is an
integral domain [LM73; Žel73; DFO94; FO10]. This situation generalizes the pair Γ ⊂ U (gln ) where
Γ is the Gelfand-Tsetlin subalgebra Γ = Ch∪nk=1 Z(U (glk ))i [GT50; DFO94]. Historically, this began
with the work of Gelfand and Tsetlin with their foundational paper [GT50] in which they showed
that finite-dimensional irreducible U (gln )-modules have a basis parameterized by Gelfand-Tsetlin
patterns.
Definition 1.1. A Gelfand-Tsetlin pattern is a tableau of λij ∈ C for 1 ≤ j ≤ i ≤ n arranged as
follows:
λn,n−1 λnn
···
λn1 λn2
λn−1,1

λn−1,n−1

···
..

..

.

.

λ21 λ22
λ11
Where the λki are subject to the following interleaving relations:
(1) λk,i − λk−1.i ∈ Z≥0 , and
(2) λk−1,i − λk.i+1 ∈ Z≥0 .
U (gln ) acts on these patterns by rational functions in the entries and integer shifts of the entries
[GT50; DFO94]. By construction, Γ acts diagonally in these bases. Another remarkable property
of Γ is that U (gln ) is free as a left Γ-modules [Ovs03]. In 2010, Futorny and Ovsienko showed that
there is an embedding of U (gln ) into a ring of invariants in a skew group algebra. One reason we
study the representations of U (gln ) is they are equivalent to representations of gln , but U (gln ) is
an associative algebra and therefore “easier” to study than gln even though it is a larger algebra.
The results of Futorny and Ovsienko [FO10] connect U (gln ) representations to a still larger algebra
that again makes it “easier” to study its representations.
Based on these observations, in [FO10], Futorny and Ovsienko defined Galois rings and Galois
orders (see Definitions 1.3 and 1.4 respectively), and studied their representations, and in [Har20]
Hartwig introduced a more streamlined approach to describe these objects. To describe them, we
need the following data: (Λ, G, M ) where Λ is an integrally closed domain, G is a finite subgroup
of Aut(Λ), and M is a submonoid of Aut(Λ). Additionally, this data adheres to the following
assumptions from [Har20]:
(1) (M M −1 ) ∩ G = 1Aut(Λ) ,
(2) ∀g ∈ G, ∀µ ∈ M : g µ = g ◦ µ ◦ g −1 ∈ M ,
(3) Λ is Noetherian as a module over ΛG .
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As G is a subgroup of Aut(Λ) it naturally acts on Frac(Λ) and by Assumption (2); therefore, G
acts on Frac(Λ)#M , the skew monoid ring, which is define as the free left Frac(Λ)-module on M
with multiplication give by a1 µ1 · a2 µ2 = (a1 µ1 (a2 ))(µ1 µ2 ) for ai ∈ Frac(Λ) and µi ∈ M . In this
setting, we define Γ := ΛG , the subring G invariant elements of Λ.
Definition 1.2 ([Har20]). For any element X ∈ Frac(Λ)#M we define a Z-bilinear map from
(Frac(Λ)#M ) × Frac(Λ) → Frac(Λ) called the evaluation of X at f for an element f ∈ Frac(Λ) by:
X
X(f ) =
aµ · µ(f ).
µ∈M

Now we can define the objects of interest in my research.
Definition 1.3 ([FO10]). A finitely generated Γ-subring U ⊆ (Frac(Λ)#M )G is called a Galois
Γ-ring (or Galois ring with respect to Γ) if Frac(Γ)U = U Frac(Γ) = (Frac(Λ)#M )G .
In other words, if we localize Γ inside of U , we attain all of the G invariant elements of
Frac(Λ)#M .
Definition 1.4 ([FO10]). A Galois Γ-ring U in K is a left (respectively right) Galois Γ-order in
K if for any finite-dimensional left (respectively right) K-subspace W ⊆ K , W ∩ U is a finitely
generated left (respectively right) Γ-module. A Galois Γ-ring U in K is a Galois Γ-order in K if
U is a left and right Galois Γ-order in K .
The condition in this original definition is very technical and difficult to show in general. In
2017, Hartwig showed that U that the following condition implies the original.
Definition 1.5. Let U be a Galois Γ-ring such that X(Γ) ⊆ Γ for every X ∈ U . Then U is Galois
Γ-order called a principal Galois Γ-order.
Galois orders form a collection of algebras that contains many important examples, including:
generalized Weyl algebras defined by independently by Bavula [Bav92] and Rosenberg [Ros95] in
the early nineties, the universal enveloping algebra of gln , shifted Yangians and finite W -algebras
[FMO10], Coulomb branches [Web19], and Uq (gln ) [FH14; Har20]. Their structures and representations have been studied in [Fut+18], [FS18a], [Har20], [MV18], and [Web19].
Defining these objects unifies the representation theory of these algebras. In particular, unifying
the study of Gelfand-Tsetlin modules.
Definition 1.6. A U -module V is a Gelfand-Tsetlin module (with respect to Γ) if dim(Γ.v) < ∞
for all v ∈ V .
The major results in [FO14] give us the following:
(1) The existence of “generic” simple Gelfand-Tsetlin modules over Galois rings.
(2) A “rough” classification of simple Gelfand-Tsetlin modules over Galois orders.
Moreover for principal Galois orders, Hartwig has the following result:
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Theorem 1.7 ([Har20], Theorem 3.3 (i)). Let ξ ∈ Γ̂ be any character. If U is a principal Galois
Γ-order in (Frac(Λ)#M )G , then the right cyclic U -module ξU has a unique simple quotient V (ξ).
Moreover, V (ξ) a Gelfand-Tsetlin over U with V (ξ)ξ 6= 0 and is called the canonical simple left
Gelfand-Tsetlin U -module associated to ξ.
The current research in this area has been focused on principal Galois orders, as they contain all
of the examples of interest, and the condition that X(Γ) ⊆ Γ is much easier to verify. In particular
in [Web19], Webster showed that some principal Galois orders are Morita equivalent to a principal
flag order which is a Galois order in which the G is trivial and M is the semidirect product of the
group and monoid from the original data (see Lemma 2.5 in [Web19]). Additionally, in [LW19] it
is shown that spherical Cherednik algebras are principal Galois orders.
Definition 1.8. A principal flag order with data (Λ, G n M ) is a subalgebra of F ⊂ Frac(Λ)#(G n
M ) such that:
(i) Λ#G ⊂ F ,
(ii) Frac(Λ)F = Frac(Λ)#(G n M ),
(iii) For every X ∈ F , X(Λ) ⊂ Λ.
Definition 1.9. The standard flag order with data (Λ, G n M ) is the subalgebra of all elements
X in F ⊂ Frac(Λ)#(G n M ) satisfying (iii) and is denoted FΛ .
The current work with these algebras shows that they generalize nilHecke algebras.

2

Completed work

In [FO10], Futorny and Ovsienko described U (gln ) as the subalgebra of the ring of invariants
of a certain noncommutative ring with respect to the action of S1 × S2 × · · · × Sn where Sj is the
symmetric group on j variables such that U (gln ) was a Galois order with respect to its GelfandTsetlin subalgebra Γ.
e
We recall in Galois theory, given a Galois extension L/K with Gal(L/K) = G the subgroups G
e with Gal(L/K)
e =G
e with normal subgroups of particular
of G correspond to intermediate fields K
interest. Since Sn has only one normal subgroup for n ≥ 5, one might wonder what the object
similar to U (gln ) would be if we considered the invariants with respect to the normal subgroup
An := A1 × A2 × · · · × An where Aj is the alternating group on j variables. My preprint [Jau19]
describes such an algebra defined below:
Definition 2.1 ([Jau19]). The alternating analogue of U (gln ), denoted A (gln ), is defined as the
subalgebra of (C(xki | 1 ≤ i ≤ k ≤ n)#hδ `j | 1 ≤ j ≤ ` ≤ n − 1igrp )An generated by Un ∪
{V2 , V3 , · · · , Vn }. Explicitly, A (gln ) is the subalgebra generated by
P
Xk± = ki=1 (δ ki )±1 a±
for k = 1, . . . , n − 1,
ki
Pk
Pk−1
Xkk = j=1 (xkj + j − 1) − i=1 (xk−1,i + i − 1) for k = 1, . . . , n,
Q
Vk = Vk (xk1 , . . . , xkk ) = i<j (xki − xkj )
for k = 1, . . . , n − 1,
where a±
ki are described by Futorny and Ovsienko in [FO10].
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This provides the first natural example of a Galois ring whose ring Γ is not a semi-Laurent
polynomial ring, that is, a tensor product of polynomial rings and Laurent polynomial rings. Additionally, our symmetry group A1 × A2 × · · · × An is not a complex reflection group while the research
in this area has been almost exclusively focused on complex reflection groups. The algebra A (gln )
is an extension of U (gln ) by n − 1 elements V2 , . . . , Vn . I prove some properties of A (gln ) that are
quite similar to U (gln ):
Proposition 2.2 ([Jau19], Proposition 2.2).
(i) U (gl ) ∼
= Un ⊂ A (gl ),
n

n

e
(ii) A (gln ) is a Galois Γ-ring,
(iii) Vn is central in A (gln ),
(iv) Z(A (gln )) ∼
= C[x1 , . . . , xn ]An ,
(v) there is a chain of subalgebras A (gl1 ) ⊂ A (gl2 ) ⊂ · · · ⊂ A (gln ),
(vi) A (gln ) is a minimal extension of U (gln ) with properties (iv) and (v).
Property (iv) shows that the “Weyl Group” of A (gln ) is the alternating group An , in the sense
that there is a natural extension ϕ
eHC of the Harish-Chandra homomorphism ϕHC : Z(U (gln )) →
S(h) ∼
= C[x1 , . . . , xn ], such that
∼
=

ϕ
eHC : Z(A (gln )) −
→ C[x1 , . . . , xn ]An .
Additionally, I provide a technique to turn a general Galois ring into a Galois order that is
related to localization (see Theorem 6.2 in [Jau19]). The thought of changing a Galois ring into a
Galois order was something that had not been considered in the field before. This result provides
some connections between three different principal Galois orders for a general (Λ, G, M ). There is
the following chain of embeddings:
(Λ#M )G ,→ KΓ ,→ (Frac(Λ)#M )G .
Hartwig showed that (Λ#M )G is always a principal Galois Γ-order ([Har20] Lemma 2.10 and
Lemma 2.16), he defined the standard Galois Γ-order denoted KΓ ([Har20] Definition 2.22 and
Theorem 2.21) which contains all principal Galois Γ-orders, and he showed that (Frac(Λ)#M )G is
a (principal) Galois Γ-order iff Λ is a field (i.e. Λ = Frac(Λ)). My technique in a sense brings the
left and right ends closer together. Even if you cannot directly apply the technique, it will allow
you to describe a new Galois order related to your original Galois ring to describe Gelfand-Tsetlin
modules over the original Galois ring.
Finally, I compute the division ring of fractions and prove, for n ≤ 5, A (gln ) satisfies the
Gelfand-Kirillov conjecture (see [GK66]). For the latter, I use Maeda’s positive solution to Noether’s
problem for the alternating group A5 [Mae89], and Futorny-Schwarz’s Theorem 1.1 in [FS18b].
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Ongoing work
Alternating nil Hecke algebras

I am currently working on two different projects. The first of these involves describing a complete
presentation for the standard Flag order (see Definition 2.2 in [Web19]) in the setting of U (gln ),
complex reflection groups, and the alternating group algebra. In [Mit01], there is a description of a
q-analogue of the alternating group, the alternating Hecke algebra, as a subalgebra of the IwahoriHecke algebra of the symmetric group. The current work in the field has demonstrated in this
setting that the standard flag order associated to the data (C[x1 , . . . , xn ], Sn , 1) is isomorphic to the
nil Hecke algebra (see [GKV97] and [Rou05]). In my dissertation, I proved that the standard order
for the data (C[x1 , . . . , xn ], An , 1) is a subalgebra of this nil Hecke algebra. I am currently working on
using the alternating Hecke algebra of Mitsuhashi from [Mit01] to describe this subalgebra that I am
calling the nil Hecke algebra of the alternating group. Additionally, I have the following conjecture
related to this that I am currently trying to prove:
Conjecture 1. Let (Λi , Mi , Wi ) for i = 1, 2 be the datum for standard flag orders FΛi . Let Λ =
Λ1 ⊗ Λ2 , M = M1 × M2 , and W = W1 × W2 . The standard flag order for the datum (Λ, M , W ) is
FΛ = FΛ1 ⊗ FΛ2 .
I have proved an embedding FΛ ,→ FΛ1 ⊗ FΛ2 in my dissertation, and I am working towards
showing it is surjective.

3.2

The orthogonal Lie algebra

The second project is related to describing Galois orders in cases other than type A. To this
end, I am working with Jonas Hartwig to construct formula free descriptions of the Galois order
realization of U (gln ) following the techniques in [GKV97]. This should allow for us to avoid the
difficulties with the Gelfand-Tsetlin formulas for the other types. As such, we currently have the
following conjecture for types B/D.
Conjecture 2. The algebra U (son ) is realizable as a Galois order over its Gelfand-Tsetlin subalgebra.
Some work by Colarusso and Evens (see [CE18]) provides some evidence that the type B/D
scenario is similar enough to type A. Both of these would greatly further the study of GelfandTsetlin modules.

4

Future work

In my preprint [Jau19], I have conjectured a presentation for A (gl3 ) and I plan to show that it is a
presentation in the near future. I have some thoughts on describing some infinite-dimensional weight
modules for A (gln ). In [Mat00], it is shown that any irreducible torsion-free infinite-dimensional
weight module with finite-dimensional weight spaces is isomorphic to a “twisted localization” of
L(λ), the unique irreducible quotient of the Verma module associated to the weight λ. I hope to
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relate these types of modules for A (gln ) to U (gln )-modules in the same way as I did for finitedimensional modules (see Theorem 5.2 in [Jau19]). Some additional directions for A (gln ) involve
connecting it to the theory of Lie superalgebras, and Schur-Weyl duality for the alternating group.
In the future, I would also like to obtain a more natural description of the properties of Galois
orders related it algebraic geometry. Many properties that may seem perplexing when viewed
through the lens of algebra, could be better understood geometrically.
Additionally, a problem that I am fascinated by is finding a Galois order realization of U (sp2n ),
doing so would prove the Gelfand-Kirillov Conjecture for sp2n which has been open for over 50
years.

5

Undergraduate work

As I stated above, most of the work in this area has been focused in the setting where G is
a complex reflection group. This leaves several accessible problems for small groups that are not
complex reflection groups. For example, the following two problems could easily be studied by
strong undergraduates:
Open Problem 1. Describe the standard flag order in the setting Λ = C[x1 , x2 ], M = hδ1 , δ2 igrp
where δi (xj ) = xj − δij , and G = Q8 the quaternion group acting in the natural way on Λ.
Open Problem 2. Describe the standard flag order in the setting Λ = C[x1 , x2 , x3 , x4 ], M =
hδ1 , δ2 , δ3 , δ4 igrp where δi (xj ) = xj − δij , and G = D4 the dihedral group of order 8 acting in the
natural way on Λ.
While the dihedral group Dn of order 2n for n ≥ 4 can be realized as a complex reflection group
when acting on 2 dimensional vector spaces, it is not generated by reflections when action on n
dimensional space.
These would provide new and unique examples of flag orders in a field that has been dominated
by complex reflection groups, and would be analogues to the nilHecke algebra of the symmetric
group
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